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Abstract 

We present the geometric formulation of gravity based on the math- 
ematical structure of a Lie Algebroid. In this framework we are able 
to address various issues about the gauge properties of the gravitational 
interaction and propose a new framework for quantization. 



Contents 

1 Introduction [l| 

2 General relativistic description of gravity 2 

2.1 General covariance and the diffeomorphism group 2 

2.2 The frame bundle [s 

3 Gauge theories 5 

3.1 Yang-Mills 5 

3.2 Gravity as gauge theory 5 

3.3 Teleparallel Gravity 6 

3.3.1 Geometrical aspects 6 

3.3.2 Gauge invariant aspects [7 

4 The gravity Lie Bundle 

4.1 The gravity Lie algebroid 

4.2 The gravity Lie groupoid IC 

4.3 Observables and background independence |12 

5 Conclusions [ 

6 Acknowledgments [j 



1 Introduction 

Understanding the geometrical interpretation of gravity has been a goal since 
Einstein formulated General Relativity (GR) in 1915. In Einstein's theory the 
effects of gravity are described by the metric tensor g^i,{x) from which the 
Riemann tensor, via the Levi-Civita connection, can be calculated, and gravity 
is understood as the measurement of the curvature of spacetime. 
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In this paper we address the gauge aspects of gravity [H [21 [3] , the meaning 
of general covariance, the hole argument [3], the Kretsschmann objection and 
the meaning of background independence of a theory. 

A fundamental principle of GR is general covariance. In the case of Yang- 
Mills theory, requiring general covariance of a theory tells us how to generalize 
(the tensor fields of) the theory when the spacetime is curved via the minimal- 
coupling principle. In the case of GR, general covariance allows the equivalence 
principle to hold, since a change of coordinates which takes the observer to a 
locally inertial coordinate system can always be performed. 

General relativity is not the only theory based on a geometrical interpreta- 
tion of gravity. Other theories both, within and without the context of Riemann 
geometry exist, and they describe the gravitational interaction in terms of dif- 
ferent geometrical interpretations. Examples are: teleparallel gravity, Einstein- 
Cartan theory and metric-affine gravity [S]. Even outside the conventional 
scheme of a smooth manifold, there have been several attempts to maintain 
a geometric meaning for spacetime as in the case of noncommutative geometry 
or spin networks; but at the quantum gravity level, the geometric structure of 
spacetime might turn out to be so complex that people have suggested giving 
up a possible geometric interpretation of gravity |6j . 

Given the considerations mentioned above, we choose to study further the 
link between gravity and geometry. This paper presents a geometrical inter- 
pretation of gravity, especially how its gauge properties, can be based on the 
geometrical structure of a Lie algebroid. The fundamental assumption is that 
the torsion T{xY^^^, can be consider to be the geometrical field which charac- 
terizes a spacetime in which gravity is present, as in teleparallel gravity [7]. 
This approach also leads to a new gauge interpretation of the theory since the 
torsion represents the structure "constants" of the generalized momentum gen- 
erators Da such that [D(a;)a, = T{xY^ijDc which was introduced in [8]. 
We therefore arrive at the conclusion that the gauge group for gravity is not 
the difFeomorphism group as often proposed for GR, but propose the gravity 
Lie groupoid of the generalized local translations defined on the the gravity Lie 
algebroid. The use of algebroid to describe gravity has also been considered in 
the context of string theory where the Lie algebroid is the co-tangent space of 
a manifold together with a twisted Koszul bracket [9]. 

2 General relativistic description of gravity 

We first review the basic aspects of GR and point out the main issues. In 
subsequent sections, we consider which of these aspects survive or are modified 
in our description of the gravity Lie algebroid. 

2.1 General covariance and the diffeomorphism group 

GR is based on the assumption of general covariance, i.e the laws of physics 
have the same form for any observer. The various observers are related to each 
other by a change of coordinates. The change of coordinates is realized by the 
diffeomorphism group which relates the different coordinate systems 

- fixn, (1) 

where f : M M and / G C°° is a differential function. This change of 
coordinates describes how the vectors on the tangent space TM (and more 
generally the tensors) transform via the Jacobian obtained from ([T]). Given 
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V = V^'^f, e TM 

V'^ = K = ^ (2) 

The link between GR and the principle of general covariance has been an 
issue from the very beginning, even before the theory was complete (the hole 
argument) and immediately after its publication (Kretsschmann's objection) 
|10j . The hole argument teaches us that it is not possible to give an intrinsic 
physical meaning to a spacetime point. It is only when the theory is coupled 
to a Yang-Mills field, that the geometrical aspects of spacetime (for example 
the curvature) can be identified [1]. Kretsschmann's objection goes to the very 
heart of GR since it claims that covariance itself is meaningless. Any physical, 
non-covariant theory can be re-written as covariant theory; it is just a matter 
of a mathematical technicality. More than one point of view resolves the ob- 
jection. Rovelli [4] noted that general covariance improves the understanding 
of spacetime since it enlarges its symmetries. Weinberg [5] showed how gen- 
eral covariance in GR follows from the equivalence principle, and therefore it 
acquires full physical meaning. The reverse is also true: to be invariant, not 
only under a global Lorentz transformation but for any change of coordinates, 
is equivalent to including gravity in the theory, since a non-inertial coordinate 
system corresponds to a gravitational field. The equivalence principle is real- 
ized mathematically by the possibility of finding a Riemann normal coordinate 
system (which is always the case for the Levi-Civita connection) in which g^j^^ 
and its first derivatives vanish at a point P. The second derivatives of do 
not vanish at P and so not all the components R%p„ of the Riemann tensor are 
zero. This indicates that tidal forces are present even locally. 

The equivalence principle requires the existence of a coordinate transforma- 
tion x'^ x'^ = f{x'^) which takes the curved metric g^v{x) into the flat 
metric rj^,^ 

= J^fJfgp.ix). (3) 

In this case the x'^ form the Riemann coordinate system, and the new basis d'^ 
is a coordinate basis for the tensors defined in the theory. If spinors are taken 
into account then a more general change of basis is required (see next section 
on the frame bundle). 

Both the hole argument and the Kretsschmann objection are still topics of 
debate [11]. We assume the principle of general covariance to be valid and 
point out how the hole argument fits in the definition (provided by the gravity 
Lie algebroid) of background independence of a theory (see section 4.2). We 
assume Kretsschmann's objection to be false. However we have not specifically 
investigated it in the context of a gravity Lie algebroid, and its interpretation 
requires further research. 

The Lie algebroid structure differs from GR in the gauge interpretation of 
gravity. The gauge group of GR is often taken to be the the diffeomorphism 
group, as for example in the context of loop quantum gravity. We therefore now 
briefly review a few basic aspects and problems related to this assumption. 

2.2 The frame bundle 

Given the geometrical interpretation on which GR is naturally set, the next ob- 
vious step is to incorporate GR into the framework of fiber bundles in analogy 
to Yang-Mills theories. One can start with the simple choice of TM, the tan- 
gent bundle which is a vector bundle: the fiber being the vector space R" and 

^The curvature is a property of the connection and not of the metric. It is only in the 
specific case of a Levi-Civita connection that the curvature can be associated to the metric 
and therefore to the spacetime on the base manifold. 
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structure group GL{n). The diffeomorphism group is related to the base mani- 
fold M and describes how the coordinates transform. It induces J^, G GL{n), 
which acts on the natural coordinate basis of the tangent space 9^ and on the 
components of the tensors. The J^, induced by a diffeomorphism transform 
one holonomic basis into another holonomic basis. Given the holonomic basis 



E^, = then 



e', = i-Kr'e, (4) 

is holonomic as well, ej^ = 9^ = ■g§rp:, and therefore [e^,e^] — 0. This means 
that, when considering the change of coordinates in the basis on which the 
tensors are defined transform via and the new basis is still a coordinate 
basis. The reverse is also true, in order to incorporate spinors in a curved 
spacetime, a more general non-holonomic set of bases for the tangent space is 
required. The issue arises due to the peculiar transformation properties of the 
spinors under a local Lorentz transformation |12j. In fact the Lorentz group, 
which is a subgroup of GL{n), admits spinor representations but GL{n) does 
not. 

This problem is solved by the frame bundle, FM, which is a principal bundle 
associated with TM. In this case FM — UF^M where F^M is the fiber at 
X € M, given by the set of all possible linear independent bases ha- the frame 
or tetrad bases. Given a set of coordinates x^^ in M, the bases of F^M is related 
to the base coordinates 

ha = K^d,.. (5) 

The tetrad basis ha is often introduced in GR as a new basis which simplifies 
calculations, without reference to its most fundamental role of soldering the 
internal indices with spacetime indices, i.e. the soldering of the fiber to the base 
manifold. This issue was already studied and understood by Cartan (repere 
mobile). Given two frames 

[haM]^ra,K (6) 

i.e. the ha bases are non-holonomic (they form a non-coordinate bases: they 
cannot be expressed as partial derivatives). The /i'^^ are the tetrads and are 
elements of GL{n). This new basis /i„ can be used to transform a general 
curved metric g^i/ into a flat metric rjab □ 

Vab - hj^hf^^g^,. (7) 

The set of all ha which give the same metric rjab at a; S M at a given point P, 
are related by a local Lorentz transformation h.{x)^ 

h'^{x) = KXx)hb{x), A,\x) e S0{3, 1). (8) 

Such a basis is used for example to defined the 7 matrices in curved spacetime 
= /i/'7° where {7", 7''} = 277°''. In terms of this basis the Dirac Lagrangian 

is 

Cd = ti'j^hJ'V^^ ~ mi^xP, (9) 
where is the covariant derivative with respect to the spin connection A'^^^ 

V^=a^+A"''^5a6, (10) 

and the Sab are the generators of the Lorentz group. 



^For a precise description of how the equivalence principle is realized in both an holonomic 
and non-holonomic basis see |13| 
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The structure group of the frame bundle FM is SO{n) which also admits a 
representation in term of spinors. In the language of group theory 

SO{4:) ~ SU{2)^SU{2). (11) 

In other words, if one wants to describe GR in terms of a fiber bundle and 
to include spinors as well, the appropriate bundle is FM with structure group 
5*0(4) or more precisely the Lorentz group 5*0(3, 1) for the Lorentzian signature 
of the metric tensor in GR. The frame bundle correctly incorporates all the 
geometric aspects of GR, but when the gauge properties are considered then 
a different structure is required as explained later. By gauge properties, we 
mean Yang-Mills-like gauge theory. Clearly GR does not satisfies the Yang- 
Mills gauge requirements [7] , and it cannot be considered a gauge theory in this 
sense. Specifically, the diffeomorphism group expresses the general covariant 
property of the theory, but it cannot be considered as the gauge group. 

3 Gauge theories 
3.1 Yang-Mills 

Yang-Mills theory has been formulated in the context of fiber bundles since the 
sixties [U [31 [TH [TS] . The basic geometrical interpretation for the objects of the 
theory is: 



spacetime 




base manifold M 


;auge potential 




connection 


field strength 


<-?■ 


curvature 


classical fields 




sections 


gauge group 




structure group 



There also exist geometrical interpretations for the properties, relationships and 
concepts within the theory: the Bianchi identities express the properties of the 
field strength, and a change of local sections corresponds to a gauge transforma- 
tion. The Standard Model has been fully developed in the fiber bundle context 
as a Yang-Mills gauge theory. The bundle is a principal bundle where the base 
manifold corresponds to the Minkowskian spacetime. The fiber, or structure 
group, is U{1) or SU{2) or SU{3) to describe respectively electromagnetism, 
weak, or strong interactions. The fiber is a manifold with points given by the 
group elements and labeled by internal coordinates. The fiber and the base 
manifold do not have elements (points) in common. It is important to stress 
this since in the gravitational case there exists a way to link or solder the fiber 
to the base manifold via the tetrad. This is precisely how torsion arises. The 
torsion in Yang-Mills theory is always zero. 

The gauge potential and field strength correspond to the connection and cur- 
vature respectively, and they are elements of the algebra of the structure group. 
The physical fields (fermions or bosons) live on the corresponding associated 
vector bundles which provide the different group representations. 

3.2 Gravity as gauge theory 

Given FM with structure group 50(3,1), the next step is to investigate if 
this group can be considered the gauge group to describe the gravitational in- 
teraction. This research project was started by Utiyama |16j . In his work he 
introduced as gauge potentials (or compensating fields as the gauge prescription 
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requires) a set of fields with the geometrical interpretation of spin connections. 
In order to obtain an invariant matter Lagrangian, he had to strategically add an 
extra set of compensating fields: the tetrads which did not arise as gauge 
potentials. Later Kibble [171 HI]; proposed the Poincare group as the gauge 
group, and the tetrads appeared naturally in the theory as the gauge potentials 
of the translational part of the Poincare group. Using both the spin connection 
and the tetrad, the 'Poincare' covariant derivative turns out to be 

Va = hJ^V,,. (12) 

However localizing the Poincare group (Sciama-Kibble theory) does not repro- 
duce GR but gives rise to the Einstein-Cartan theory, in which the energy is 
the source of curvature, and the spin density is the source of torsion. In |19) 
Kleinert criticized this interpretation of the torsion since it relates the torsion 
to only the spin context of the theory and not to the total angular momentum 
J = L + S . One physical example, which shows how this interpretation of the 
torsion is problematic, is the decay of the spin-1 meson p into the two spin 0- 
pions TT. This decay is explained by taking J as the physical degree of freedom 
which is conserved, since L or S are not independently conserved. 

A second issue associated with localizing the Poincare group [H] , arises 
when considering the free Lagrangian constructed from the gauge potentials in 
first order formalism (i.e the Lagrangian for the gravitation field with variables 
given by the tetrads and spin connections). The connection reads 

A^^h'^^Pa+A'^'^Jab, (13) 

where the Pa are the translation generators. The corresponding action (the 
Einstein-Cartan action) is not gauge invariant under translations. It is inter- 
esting to notice that this action is actually invariant when it is written as a 
Chern-Simons theory for odd-dimensional spacetimes [22]. An additional prob- 
lem with (fTS]) consists in taking the tetrads as the gauge potential "2] . In fact in 
the fiber bundle setting, first the tetrad bases are sections and not connections, 
and second they transform as covectors. 

These problems motivated a better understanding of localizing translations 
with the appropriate gauge potential, as for example in the work of Hehl (23| , 
which leads to teleparallel gravity as a gauge theory of gravity. Because of the 
problems mentioned above, a different bundle structure has been proposed for 
the Poincare gauge theory, such as composite fiber bundles '24' . 

3.3 Teleparallel Gravity 

An alternative way of describing gravity as a gauge theory is teleparallel gravity, 
whose development began in the sixties. The basic aspect of the theory is the 
interpretation of the torsion: it is the dynamical quantity which is non-zero 
when a gravitational field is present (while the curvature is always zero). We 
review briefly the basic geometrical and gauge invariant aspects (for a detailed 
introduction and formulation see [7]). 

3.3.1 Geometrical aspects 

The tetrad postulate states that the covariant derivative of the tetrad h"'p{x) is 
zero 

9^.h% - V^.h^ + A\,h\ - 0, (14) 

which can be written as 

^'.^ = K'd^h\ + KPA\^h\, (15) 
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where T^^^ is a general linear connection. The Weitzenbock connection is the 
term 

t",^ ^ hfd^h%, (16) 

and A°f,^ is the spin connection. In teleparallel gravity the spin connection 
vanishes, and the torsion is defined in terms of the Weitzenbock connection only 
as El 

or in terms of the tetrad 

T% = d^h\ - d,h\. (18) 

The curvature of the Weitzenbock connection is zero, and this connection is 
related to the Levi-Civita connection of GR (written using the Christoffel sym- 
bols) 

rV = {A} + n- (19) 

where K^^^, is the contortion 

K'.^-UT/.+T/.-T"^.)- (20) 
3.3.2 Gauge invariant aspects 

Teleparallel gravity is a valid gauge theory of the local translation group with 
the gauge potential 

Bp = B\pa (21) 

with values in the Lie algebra of the momentum generators Pa = dx"- The 
x°- = x°'(x^) are the coordinates of the 'internal' affine space on which the 
gauge transformations of local translations take place 

x'' + e''{x). (22) 

This implies for a general field ip{x'^, a;°) a variation 

5V = (23) 

and for the gauge potential _B"^ 

SB'^^ = 9^e^ (24) 
The translational covariant derivative is 

D^. = d^ + B,, = h\da, (25) 

withEl 

h\^5\ + B^^^D^x^. (26) 

The torsion is related to the gauge potential via the covariant derivatives (in 
this sense it's the curvature of the connection B°'^ ) 

T%=d^B\-d,B\, (27) 



^In [7] a distinction is made between a general spin connection A'^^^ and the spin connection 
of GR (the Ricci coefficents of rotations). Since the effects of gravity in teleparallel gravity 
are fully described by the Weitzenbock connection (via the gauge potential), for simplicity we 
can set A'^^^ = 0. If non-zero components of A'^^^ = appear, they are not associated with 
the presence of a gravitational field but with an inertial frame, similar to the case of non-zero 
elements of the Levi-Civita connection in GR when it's expressed in a curvilinear coordinate 
system for the Minkowski flat spacetime. 

* We use 5 °'^ in stead of since the non-holomicity is carried by the gauge potential 

and follow l23lfl8l. 



7 



and is the field strength obtained from the commutator of the covariant deriva- 
tives 

[Df,,D,]^ = T^,i; (28) 

with 

T^. = T%da. (29) 

This shows that the torsion is an element of the algebra of translations on a;". 
The Lagrangian is quadratic in the field strength, the same as the Lagrangian 
for Yang-Mills theory 

C = ^SP^'^Tp^,, (30) 

where SP^"' = (R'^^p - gP'^T'^t'^ + gP'^T'"'^), h = detih"^) and k = SttG/c^ The 
Lagrangian is invariant under a local translation. The variation with respect to 
B"-^ yields the field equation 

d4hSr)~HhjP)=0, (31) 

where 

is the energy-momentum current. The field equation (1511) is equivalent to the 
Einstein field equations of GR. 

Kleinert also suggests [IS] that GR (non-zero curvature; zero-torsion) and 
teleparallel gravity (zero-curvature; non-zero torsion) are just the two extremes 
of a full class of equivalent theories, all of which have non-zero curvature and 
non-zero torsion. 



4 The gravity Lie Bundle 

Teleparallel gravity provides a gauge theory for gravity which is analogous to 
a Yang-Mills theory. The gauge group for Yang-Mills is SU{n); for telepar- 
allel gravity the group is the abelian Lie group of local translations with the 
generators da- The main goal of this paper is to set teleparallel gravity in the 
framework of a fiber bundle. The result we find is a generalized version of (the 
generators of) teleparallel gravity and the corresponding geometrical structure 
given by a Lie algebroid. We start by considering (pSj) : I?^ = h'^^da- It can be 
used to define the covariant derivative with respect to the internal "spacetime" 
coordinate x*^ 

Da=da + Ba, (33) 

where da = Sa'^df_i and Ba = BJ^d^. In this way Da appears to be vertical in 
contrast to which, being a spacetime covariant derivative, is horizontal. This 
result is in accordance with the findings of |24] where a composite fiber bundle 
is considered as the geometrical setting for coupling gravity and Yang-Mills 
interactions. We also notice that 

ha = hfd,„ (34) 

and conclude that 

Da = ha. (35) 

At this point our work begins to differ from teleparallel gravity [7] since we 
assume the generalized momentum generators are given by Da- Direct compu- 
tation reveals that 

[Da,Db]^-T^abDc, (36) 

with 

^ h.Ph.'^T^^,. (37) 
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Here hj^ is used to convert between spacetime and internal indices [171 HH] ; and 
the torsion field strength Tab = T'^^^^Dc assumes values in the algebra of the 
generators Da- Eg. (155)) gives 

[Da, Db] = daBb - dbBa + [Ba,Bb] (38) 

The commutator [Ba, Bb] is non-zero, and it encapsulates the self interaction 
property of gravity. The commutator between two tetrad bases is 

[ha,hb]^ ra,K, (39) 

in which the f^^f^ are the coefhcients of anholomicity given by 

In teleparallel gravity, the only contribution due to gravity to the connection 
r^^^ comes from the Weitzenbock connection, while the spin connection is 
zero. We can make the identification (up to a sign) 

TU^) = / afc(^)- (41) 

Because of ([M]) and ([59)1 the torsion has two meanings: it is a field strength 
(gauge meaning) and its components can be taken as structure 'constants' (alge- 
braic meaning) . This degeneracy arises since we treat the x"" indices as internal 
in order to describe the gauge aspect of the theory, even though they are actually 
spacetime and not color indices as in Yang-Mills theory. We explicitly include 
the position dependance on a; € M of both the torsion and the coefficients of an- 
holomicity. This is crucial since now we see that the components of the torsion 
can be interpreted as the structure functions of the algebra given by the tetrad 
basis ha (the structure 'constants' become the structure functions depending on 
x). There is a different algebra at each fiber. The union of all these fibers forms 
the geometrical construction of a Lie algebra bundle. Formally a Lie algebra 
bundle is a vector bundle E ^ M plus a morphism, provided in our case by 
([55)) which gives a Lie algebra structure to the fibers. The two meanings of the 
torsion just mentioned above, acquire a 'single' geometrical interpretation in the 
gravity Lie algebroid. 

4.1 The gravity Lie algebroid 

A Lie algebroid is a Lie algebra bundle with an additional structure called an 
anchor map p : E ^ TM, whose purpose is to make the vector bundles behave 
very much like the tangent bundle. In fact the Lie algebroid is sometimes called 
an alternative tangent space, and this is due to the presence of the anchor map. 
Let us set up a coordinate system {x^^} on a chart in a manifold M. Let {ha} be 
a basis of sections (vector fields) in this chart, of the Lie algebroid {E, p, [■, ■]e)- 
In this chart we can characterize the anchor map and Lie bracket by structure 
functions as 

[haix),hb{x)]E^^T^abhcix) (42) 
p{ha) = ha^{x)d^. (43) 

To be more specific, in the gravitational case we have: 

• the tangent space to the base manifold spanned by the basis 9^ 

^Expressed in components, the right-hand side reads: [daB^^ — db^J^ + {B^ d^B^^ — 
B^'^d.Ba'-W^.Da 
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• the fibers, which are copies of the tangent space spanned by the general 
basis ha 

• the anchor map, i.e. a map from the fibers to the tangent space, given by 
the tetrad /i" , . 

We caU this Lie algebroid the gravity algebroid. Clearly the geometrical 
structure on which gravity is set is not a principle bundle, in contrast to the 
case for Yang-Mills theories. 



4.2 The gravity Lie groupoid 

A groupoid generalizes the concept of a group in the sense that the multiplica- 
tion of two distinct groupoid elements exists only if certain conditions are met. 
Specifically a groupoid consists of the two sets q the groupoid T and the base 
B, together with a pair of maps s,t : T B called respectively the source 
and the target map. The gi, (?2, ■•■ are the groupoid elements of F, and &i, &2, •■■ 
are the base elements of B, such that s[gi) = hi and t{gi) = 62- In this way 
gi can be seen as a map acting on the £ B, 51 : 5i — > 62- Given gi, and 
92 the product between the two exist iff ^(51) — s{g2) 0- In the case of a Lie 
groupoid both F and B are differential manifolds and s, t are smooth functions 
(surjective submersions) which define the fibers Ff,j = s~^(5i),Fh2 = ^"^(62). A 
given element gi gives a diffeomorphism between the fibers. 

Similarly to the relation between Lie groups and Lie algebras, we use the 
exponential map to define the elements of the gravity Lie groupoid. An infinites- 
imal groupoid element g is obtained from the generalized momentum generator 

Da 

g^ge-{x)D^{x)^ (44) 

or after Taylor expansion 

g = l + e''ix)Da{x). (45) 

The corresponding algebroid has a different algebra for each point P of the base 
manifold M (of the algebroid), which means the generators D'^{x') at a point 
P' define a different algebra and not a different basis of the same algebra at P. 
The action of the groupoid on the fibered space (M, tt, B), where tt is the bundle 
projection map, is described in [37] where in our case M is the base manifold of 
the algebroid, i.e. the spacetime. Geometrically a particular g corresponds to a 
translation from P to P' which is a generalized translation in two senses. First 
it is a local translation because the translation parameters e°(x) depend on x, 
and second the Da(x) depend on x as well. 

The source and target of g determine where the translation starts and ends. 
For P G M and 6 G -B, i? is the set of the numerical values of the coordinates 
a: of P, so = R^. Each element b G B is a set of four real numbers (if the 
dimension of M is four), and B does not need to have any additional geometric 
structure (for example a metric). A finite groupoid element is given by: 



(46) 



where dx"" represents e", and the integration over distinct e" is indicated with 
the different paths 7. Because of the position dependance of £°'{x) a finite 



^Some authors use the term groupoid to indicate the set F only, others use it to indicate 
the whole structure (F, _B and s,t) 

^The groupoid introduced here is what Mayer calls the action groupoid, which is a partic- 
ular case of the general groupoid defined in |26l . 
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groupoid element g corresponds to a path connecting two points on M and not 
a straight arrow; it is a sort of curved translation. 

To be more specific, consider four different finite group elements 



51 


r Daix 

— 6 "'I 




s(5i) 


= bi,t{gi) 


= ^2 


52 


— gJ-y2 




5(52) 


= bi,t{g2) 


= ^2 


53 






5(53) 


= ^3,^(53) 




54 




dx°' 


5(54) 


= ^3,^(54) 


= 64 



The following figure provides a visual interpretation of the these groupoid ele- 
ments 




bi 



62 




Figure 1: Geometric representation of g. The translations (71,32 have the same 
source hi and same target &2 while gs , g^ have the same source 63 and same 
target 64. gi differs from g2 since they represent two distinct infinitesimal paths 
starting from P. Because the e°'{x) depend on x, each g is not necessarily a 
straight line. 



The multiplication (or composition) of two translations g can be defined iff 
the target of one group element corresponds to the source of another group 
element. Given two elements 51,32 (two general elements and not the ones in 
Figure 1) such that s{gi) = bi,t{gi) = 62 and 3(32) = ^3,^(52) = ^4 then the 
multiplication is defined iff b2 ~ b^, and the product element 33 = 3132 exists. 
It has the property 5(33) — bi,t{g^) — 64 and represents a translation from the 
point with coordinates 61 to the point with coordinates 64. 
Let us consider a few different physical cases as described by the gravity Lie 
groupoid: 

• There is no gravity: the torsion is zero, there is the same abelian algebra 
[da,dii] = at every point, and the translation parameter e° is constant. 
The base manifold M of the algebroid is the Minkowski space, the base B 
of the groupoid has only one element. 

• Teleparallel gravity: same abelian algebra [9a,96] = at every point and 
e°'{x) is a function of x. Gravity arises as a local translation gauge theory 
with field strength given by the torsion. M is the Weitzenbock space (with 
non-zero torsion and zero curvature), B has one element. 

• Solutions with constant torsion: the torsion is the field strength and its 
components are also the structure constants of [Da,Db\ = —T'^^f^Dc- The 
non-abelian algebra is the same at each point, so a groupoid is not nec- 
essary to describe gravity. M is the Weitzenbock space and B has one 
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element. This case represents an interesting intermediated step to study, 
toward the understanding of the general case of a groupoid. 

• The general case: the torsion is the field strength and its components are 
the structure functions of [Da,Dh] = —T{xY^f^Dc- There is a different 
group at each point P and so the full structure of a groupoid is necessary 
to describe gravity. M is the Weitzenbock space and B = R'* 

With Da{x) = ha{x), eq.dH]) can be written as 

g^^l,h^ix)dX-^ (48) 

Since the hj^ are invariant functions of the local translation potentials BJ^, we 
can use ([48|) to define the holonomy of a closed path and investigate the relation 
with the connection on the groupoid. We will explore this in a subsequent paper. 



4.3 Observables and background independence 

The gravity Lie algebroid gives new prospective to the meaning of an observ- 
able quantity and the conditions for a theory to be background independent. 
In established gauge theories such as electromagnetism and Yang-Mills theory, 
observable physical quantities are gauge-invariant quantities, for example the 
field strength of electromagnetism F^;^, which is a local t/(l) gauge invariant 
quantity. The gravitational case is fundamentally different. For a general grav- 
itational field, the structure 'constants' T(a;)'^^^ depend on the position, i.e. 
there is no gauge group and therefore there are no symmetries with respect to 
which a quantity can possibly be gauge-invariant. This implies that the theory 
of gravity does not possess intrinsic observable quantities in the general case. 
The intrinsic observable quantities of the gravitational field are: energy density, 
momentum (examples: a black hole moving in space, gravitational waves) and 
angular momentum (of a black hole for example). They can all be derived from 
the components of the Riemann tensor (in general relativity) . These quantities 
(or a generalization of their meaning) could become observable if a generalized 
version of the Noether's theorem for groupoids exists. Since an algebroid de- 
scribes a situation where there is a different algebra at each point of M, the 
concept of symmetry seems to fail. There is a different group at each point, i.e. 
there is a different symmetry at each point which is equivalent to no symmetry 
at all. If there are no symmetries, according to the Noether's theorem, there 
should be no conserved currents and charges. This issue, in the case of gravity, 
seems to be strictly connected with the problem of defining the energy density of 
the gravitational field. In order to develop dynamics, a different and more gen- 
eral concept of symmetry for groupoids seems necessary. This would also require 
a generalized version of Noether's theorem to define and give an interpretation 
to the conserved quantities. Nevertheless it is possible for these quantities to 
be observable when a group (i.e. a symmetry) is present. This happens in two 
cases. The first case is when the group of symmetries is within the gravita- 
tional field and specifically when the asymptotic behavior of the gravitational 
field possesses symmetries (for example Minkowski, AdS). It is well known that 
the local energy density of the gravitational field is not well-defined in general, 
but the total energy over a volume can be defined for asymptotic Minkowski 
spacetimes (the ADM mass) |28] . The second case is directly related to the hole 
argument, i.e. when gravity is coupled to Yang-Mills: the group of symmetries 
is given by SU{n). It is possible to define and measure the numerical value 
of a gravitation observable by knowing the Riemann tensor, which allows the 
specification of the where for example two photons interact. This leads to the 
following definition. 
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A theory is background independent if: 

• There exists a manifold M which describes the spacetime. 

• The theory does not have spacetime symmetries on M . 

It is clear how the gravity algebroid fits with the definition above since the geo- 
metrical structure is a groupoid, there are no symmetries, and gravity is a back- 
ground independent theory. On the other hand, Yang-Mills theories and string 
theories are defined on spacetimes which possesses symmetries (Minkowski space- 
time, AdS, etc) and are background-dependent. 

5 Conclusions 

In this paper we present the Lie algebroid (and the corresponding Lie groupoid) 
for gravity as a new geometrical structure on which the theory of gravity is set. 
To put our results in perspective, we are at the same point in the development of 
our theory that existed at the beginning of the development of general relativity. 
What we have found is that a manifold with a Lorentzian signature should be 
used, but we do not know that the presence of gravitation should be represented 
by a metric, and we have yet to obtain the equations which describe dynamics. 
In other words, in this paper we present the geometrical background on which 
gravity is set and how its gauge aspects arise. One of the main issues related 
to understanding dynamics in the context of algebroids, is the the validity of 
the Noether's theorem. Of course we are conducting further research in this 
direction. 

Our results also provide a basis for various directions of research. An in- 
teresting issue is to investigate the relations between the gravity Lie groupoid 
(of local translations with different generators at each point) and other groups 
(compact or not compact). For example if the gravity Lie algebroid is general 
enough to incorporate other Lie groups as subgroups. This leads to the theory 
of algebra deformation since the components of the torsion depend on P. Alter- 
native constructions to a principal bundle, especially for gravity and its gauge 
properties have already been considered, such as for the case of composite fiber 
bundles '24' . Correspondences and equivalences between the gravity algebroid 
and the composite fiber bundle seems a natural and interesting line of investi- 
gation. The use of a groupoid to describe Yang-Mills-like gauge theory has been 
proposed in 13] , especially to investigate the quantum aspects of the theory. 
In this case there exists a groupoid associated to the principal bundle named the 
gauge groupoid. This suggests another possible line of research: the construc- 
tion of a similar gauge groupoid for teleparallel gravity i.e. using the abelian 
Lie group of translations and comparing it with the gravity Lie groupoid. 

The main goal is a quantum theory of gravity. Given the richness of the 
Lie algebroid construction [^Hl [20] (and specifically the connections with non 
commutative geometry, bialgebra and Poisson structures) we claim that the 
results of this paper represent a first step in this direction, as an alternative to 
the proposals of string theory or loop quantum gravity. 
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